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Abstract

We propose a stochastic version of a recently published, deterministic model of the molecular mechanism
regulating the mitotic cell cycle of fission yeast, Schizosaccharomyces pombe. Stochasticity is introduced in two ways:
Ž .i by considering the known asymmetry of cell division, which produces daughter cells of slightly different sizes; and
Ž .ii by assuming that the nuclear volumes of the two newborn cells may also differ. In this model, the accumulation of
cyclins in the nucleus is proportional to the ratio of cytoplasmic to nuclear volumes. We have simulated the cell-cycle
statistics of populations of wild-type cells and of wee1� mutant cells. Our results are consistent with well known
experimental observations. � 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The cell division cycle is the sequence of events
whereby a cell duplicates its components and
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divides them between two daughter cells, so that
each daughter receives the information and ma-
chinery necessary to repeat the process. During a
division cycle, the cell must execute the crucial
events of chromosome replication and segrega-

Žtion in the correct order DNA synthesis, fol-
.lowed by mitosis, followed by cytokinesis , and it

must ensure that the chromosome replication cy-
cle is synchronized to the mass-doubling cycle.
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The proper coordination of cell cycle events is
enforced at so-called ‘checkpoints’, where
progress through the chromosome cycle is halted
until certain conditions are met, for example,
completion of a prior event, or attainment of a

� �critical cell size 1 .
Intensive studies of the physiology of cell divi-

sion started in the 1950s, and 20 years later
genetic methods were introduced for isolating cell
cycle mutants of both budding and fission yeasts.
By the end of the 1980s, biochemists and molecu-
lar geneticists had identified the central molecu-
lar components of the cell-cycle control system,
and many new genes and proteins have become

� �known since then 2 . The simple unicellular eu-
Ž .karyote, Schizosaccharomyces pombe fission yeast

has been an attractive model organism in all
chapters of cell cycle research, since it is easy to
handle by genetic, biochemical, and microscopic

� �methods 3 .
Early attempts to describe cell cycle regulation

in mathematical terms were highly speculative,
because reliable molecular descriptions of the
control system were lacking before 1990, when
the role of cyclin-dependent kinases in the chro-

� �mosome replication cycle became clear 4 .
Nonetheless, some interesting and influential the-
oretical studies appeared in the 1970s and 1980s:

� �both deterministic models 5,6 and stochastic
� �models 7�10 . With regard to fission yeast in

� �particular, Alt and Tyson 11,12 proposed a
stochastic model based on the nuclear accumula-
tion of a hypothetical mitotic activator, in order
to account for observed distributions of cycle
times and division lengths in steady-state popula-
tions of wild-type cells. Later, Sveiczer and Novak
� �13 generated computer-simulated populations of
Alt�Tyson ‘cells’ and showed that the properties
of these simulated cells compared favorably with
their own experimental observations of fission

� �yeast cultures 14 .
The explosion of molecular details about cy-

clin-dependent kinases and their partners in the
early 1990s made possible the construction of
more realistic mathematical models of the cell

� �cycle 15�17 . In these molecular models,
biochemical reactions were translated into sys-
tems of non-linear, ordinary differential equa-

Ž .tions ODEs . By numerical simulation, the solu-
tion of these ODEs could be compared to the
physiological behavior of living cells. This ap-
proach was used successfully to model the cell

� �cycles of frog embryos 18,19 , sea urchin embryos
� � � �20 , budding yeast cells 21 and fission yeast cells
� �22�24 . Not only could these models explain the
physiology of dividing cells in terms of the under-
lying molecular control system, but also they were
able to account for the phenotypes of many clas-
sical cell-cycle mutants and to predict the behav-
ior of yet unknown mutants. A disadvantage of
deterministic ODE models is that they describe
the behavior of a non-existing ‘average cell’,
neglecting the differences among cells in culture.

The aim of the present study is to introduce
Ž .stochastic element s into an ODE model of the

molecular mechanism controlling the fission yeast
cell cycle, to derive the distributions of cycle time
and division size in a cell population, and to
compare these distributions to observations of
steady-state cultures of wild-type cells and wee1�

mutants.

2. Model construction and simulations

2.1. The deterministic model

Ž .The underlying molecular network Fig. 1 of
the present model is a slightly modified version of

� �our recently published model 25 . In the fol-
lowing description of the molecular mechanism,
we refer to individual steps, as shown in Fig. 1.
The fission yeast cell cycle is driven by fluctua-
tions in the activity of M-phase promoting factor
ŽMPF or Cdc13�Cdc2; shown in the middle of

.Fig. 1 , which is a heterodimer of a catalytic
Ž .subunit Cdc2 protein kinase and a regulatory
Ž .subunit the B-type cyclin Cdc13 . The proper

execution of cell cycle events requires that MPF
Ž .activity oscillates between low G1 phase , inter-

Ž . Ž .mediate S and G2 phases and high M phase
� �levels 26 . These different MPF levels are

achieved by antagonistic relationships between
MPF and its negative regulators: anaphase pro-

Ž .moting complex APC , Rum1 and Wee1�Mik1.
In the G1 phase, MPF activity is low for two



( )A. S�eiczer et al. � Biophysical Chemistry 92 2001 1�15 3

Fig. 1. A molecular mechanism for the regulation of Cdc13-associated kinase activity in fission yeast. All events of the fission yeast
cell cycle can be orchestrated by fluctuations of the activity of a single cyclin-dependent kinase, Cdc13�Cdc2. Cdc13 is synthesized

Ž .from amino acids AA and combines readily with catalytic subunits, Cdc2, which are assumed to be always present in excess. The
Ž .activity of Cdc13�Cdc2 is modulated by Rum1 inhibition, by Tyr15-phosphorylation via Wee1, which is reversed by Cdc25 , and by

Ž .Slp1�APC and Ste9�APC-dependent cyclin degradation. Other cyclins Puc1, Cig1 and Cig2 in complex with Cdc2 can assist these
processes.

reasons. First, Ste9 targets the Cdc13 subunit for
Ž .ubiquitination by the APC step 2 in Fig. 1

� �27,28 , and ultimately for degradation by protea-
somes. Secondly, G1 cells contain abundant
Rum1, a protein that binds to MPF and inhibits

Ž .its activity shown by a dashed line on Fig. 1
� � � �29,30 . At the G1�S transition, both Ste9 27,28

� � Žand Rum1 31 are phosphorylated by MPF steps
.4 and 12, respectively , which inactivates the

former and promotes the degradation of the lat-
Žter the phosphorylated form of Rum1 is assumed

.to degrade very fast . As a consequence, MPF
activity starts to increase, cells pass the Start

Žtransition and commence DNA replication S
.phase of the cell cycle . However, Cdc13�Cdc2

kinase is not fully activated at this time, because
the Tyr-15 residue of Cdc2 is phosphorylated by

� � � �two tyrosine kinases, Wee1 32 and Mik1 33
Ž .step 17, Mik1 is not shown . Since this phospho-
rylation is inhibitory, MPF activity can reach only

Žintermediate level S and G2 phase of the cell
. 1cycle . In the late G2 phase, this inhibitory phos-

phate group on Tyr-15 is removed by two tyrosine
� � � � Žphosphatases, Cdc25 34 and Pyp3 35 step 18,

.Pyp3 is not shown . MPF gets fully activated and
Žthis high MPF level drives the cell into mitosis M

.phase . MPF activation at the G2�M boundary is
characterized by positive feedback loops, since

ŽMPF phosphorylates both Wee1 step 20; this is

1 Both S and G2 phases are characterized by intermediate
Cdc13�Cdc2 kinase activity; the only difference between them
is whether DNA replication is ongoing or not.
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. Ž .inhibitory and Cdc25 step 21; this is activatory ,
� �and thereby stimulates its own activation 36 .

At the end of mitosis, MPF activity must be
eliminated to allow the cell to go back to G1
phase of the cycle. Exit from mitosis is induced by
a negative feedback loop: MPF indirectly acti-

Ž . � �vates Slp1 step 7 37 , which inactivates MPF.
Ž .Slp1 like Ste9 targets Cdc13 to the APC core,

which causes Cdc13 ubiquitination and degrada-
Ž .tion step 2 . Similarly to Ste9, Slp1 is also regu-

lated by MPF dependent phosphorylation. How-
ever, in contrast to Ste9, MPF mediated phospho-
rylation activates Slp1 rather than inactivates it.
To create a time delay in the negative feedback,

Ž .we put an intermediary enzyme IE between
MPF and Slp1�APC that is reversibly phosphory-

Ž . � �lated steps 9 and 10 18 . By reducing MPF
activity, Slp1 helps the reappearance of the two

Ž .G1 regulators Ste9 and Rum1 , which have been
Ž . Ž .kept inactive Ste9 or at low level Rum1 by

MPF. We assume that Slp1 helps activate Ste9
Ž .through an additional mechanism step 3 , which

could perhaps be mediated through a phos-
Žphatase analogous to the Cdc14 protein of bud-
.ding yeast . In summary, during the fission yeast

cell cycle, Cdc13�Cdc2 kinase is regulated
through antagonistic interactions with its enemies:
Ste9, Rum1 and Wee1.

Wild-type fission yeast cells contain other cy-
Ž .clins Puc1, Cig1 and Cig2 , which also form com-

� �plexes with Cdc2 38 . These different cyclin�Cdc2
Ž .complexes help MPF Cdc13�Cdc2 to phospho-

rylate and inactivate its enemies. They can do so,
because they are less sensitive than MPF to Rum1
inhibition and APC-dependent degradation. Since
the regulation of these cyclin�Cdc2 complexes is
poorly understood in fission yeast, we choose only
the most important complex, Cig2�Cdc2, as a
dynamical variable in the model. Cig2 synthesis is

Ž .mediated by a transcription factor TF; step 13 ,
which is a complex consisting of the product of
the cdc10 gene and other proteins. We assume
that TF is activated in the nucleus in a cell
mass-dependent manner by other cyclin�Cdk

Ž .dimers step 15 , which can be either Puc1�Cdc2
� � � � Ž39 or Pas1�Pef1 kinase 40 or both k in15
Table 1 corresponds to the effect of these ki-

.nases, which are not shown in Fig. 1 . Once TF is

Žactivated, it promotes the synthesis of Cig2 step
.13 , which complexes with Cdc2 to phosphorylate

Ž .both Rum1 and Ste9 steps 12 and 4, respectively .
In this way, Cig2�Cdc2 helps MPF activity to
appear and the cell to pass the G1�S transition.
In addition, there is a negative feedback loop in
G1�S control, because rising MPF activity inacti-
vates the TF responsible for Cig2 synthesis.

This simple picture of Cig2 regulation is clearly
incomplete. Although Cig2 is resistant to

� �Ste9�APC 27,28 , Rum1 can bind to and inhibit
the Cig2�Cdc2 complex, but less efficiently than

� �it does with Cdc13�Cdc2 29,41 . In the present
model, we ignore this inhibitory effect of Rum1
on Cig2�Cdc2.

The mechanism in Fig. 1 is converted into a set
Ž .of ODEs Table 1 by using standard principles of

biochemical kinetics. We write a differential
equation for the concentration of every compo-
nent, where synthesis and activation increase the

Ž .concentration positive sign , whereas degrada-
Ž .tion and inactivation decrease it negative sign .

We assume that certain dynamic variables are in
pseudo-steady state, which allows us to substitute

� �algebraic equations for some ODEs 25 . After
specifying the numerical values of numerous rate
constants and Michaelis constants in these equa-
tions, we solve the dynamical system numerically
to determine the concentrations of all variables as
functions of time. Numerical values of these

Ž .parameters Table 1 were chosen so that the
concentration profiles of cell cycle regulators are

Ž .consistent with experiments on wild type WT
and wee1� mutant cells.

A numerical simulation of the model with the
parameter values in Table 1 yields the steady-state
behavior of an average WT cell, if we ignore

Žstochastic fluctuations in birth size division
. Ž .asymmetry and nuclear volume Fig. 2a . The

average cell is born at a relative size of 1, grows
exponentially in time, and at size 2, it divides
symmetrically into two identical daughter cells.

Ž . � �During the short �20 min G1 phase 43 , Ste9
keeps MPF activity low, by actively degrading
Cdc13. However, there is no time for Rum1 to
accumulate because TF is rapidly activated, pro-
ducing Cig2-dependent kinase activity, which
keeps Rum1 unstable and inactivates Ste9. Con-



( )A. S�eiczer et al. � Biophysical Chemistry 92 2001 1�15 5

Table 1
Ž .A mathematical model of the proposed mechanism Fig. 1 for the fission yeast cell cycle

aDifferential equations

d d Ž .Cdc13 �k -k �Cdc13 preMPF�k � Cdc13 -preMPF -k �preMPF-k �preMPFT 1 2 T 17 T 18 2d t d t
4d 1-Ste9 Ste9 d MPF� � � � �Ž . Ž .Ste9� k �k �Slp1 � - k �MPF�k �Cig2 � Slp1 �k �k � -k �Slp13 3 4 4 T 5 5 6 T4 4d t J �1-Ste9 J �Ste9 d t J �MPF3 4 5

Slp1 -Slp1d Slp1 d 1-IE IETSlp1�k �IE � -k � -k �Slp1 IE�k �MPF� -k �7 8 6 9 10d t J �Slp1 -Slp1 J �Slp1 d t J �1-IE J -IE7 T 8 9 10

d d d
Rum1 �k -k �Rum1 Cig2�k �TF-k �Cig2 mass���massT 11 12 T 13 14d t d t d t

bFurther equations
2 �Cdc13 �Rum1T TBB�Cdc13 �Rum1 �k Trimer�T T D 2BB� BB -4 �Cdc13 �Rum1' T T

Ž . Ž .Cdc13T-preMPF � Cdc13T-Trimer mass
MPF� �Cdc13T NV

��Ž . Ž . Ž .TF�G k �mass�NV, k �k �MPF, J , J Wee1�G V , V �MPF, J , J Cdc25�G V �MPF, V , J , J15 16 16 15 16 19 20 19 20 21 22 21 22

Rate functions
� � � � � � � �k �V �V �Ste9�V �Slp1, k �V �Wee1�V , k �V �Cdc25�V , k �V �V �MPF�V �Cig22 2 2 2 17 17 17 18 18 18 12 12 12 12

Switch
Ž .When MPF crosses 0.1 from abo�e, the cell di�ides functionally mass�mass�DA , although cytokinesis happens much later in fission yeast.

Ž �1 .Rate constants for wild-type cells, all ha�e dimensions min
� � � � �k �0.025, k �1, k �10, k �35, k �2, k �0.005, k �0.2, k �0.1, k �1, k �0.5, k �0.1, k �0.02, k �1, k �1,1 3 3 4 4 5 5 6 7 8 9 10 11 13

� � � � � � � � �k �1, k �1.5, k �1, k �3, V �0.025, V �1, V �1, V �0.2, V �100, V �50, V �0.93, V �0.2,14 15 16 16 2 2 2 12 12 12 17 17
�V �5, V �0.05, V �0.25, V �1, V �1,V �0.25, ��0.0046218 18 19 20 21 22

Ž .Michaelis and other constants for wild-type cells, dimensionless
J �0.04, J �0.04, J �0.3, J �0.001, J �0.001, J �0.01, J �0.01, J �0.01, J �0.01, J �0.01, J �0.01, J �0.01,3 4 5 7 8 9 10 15 16 19 20 21
J �0.01, k �0.001, m �1, s �0.07, m �0.5, s �0.01622 D N V N V D A D A

We assume that the Tyr-15 phosphorylation state of Cdc2, i.e., the portion of Cdc2 phosphorylated, is the same in the Cdc13�Cdc2
dimer and in the Cdc13�Cdc2�Rum1 trimer. Therefore the concentration of MPF can be expressed as a simple ratio if Cdc13 ,T

� �preMPF and Trimer are known. TF, Wee1 and Cdc25 are considered to be zero-order ultrasensitive switches 42 , existing in active and
inactive forms. The sum of the concentration of the two forms is 1, meanwhile TF, Wee1 and Cdc25 mean the concentration of the active
forms. The transitions between the two forms are enzyme-catalyzed reactions following Michaelis�Menten kinetics with parameters V ,a

Ž .V , J and J index a in subscript means activation, meanwhile index i means inactivation . Because the reactions in both directions arei a i
Ž .fast, instead of writing differential equations as in the cases of Ste9 or IE , we can write simple equations on their steady-state

� � Ž .solutions. This is called the Goldbeter�Koshland function 42 , indicated generally as G V , V , J , J , and the exact mathematicala i a i
� �formula is given in 21 .

a Ž .Italicized protein names e.g. Cdc25 refer to the concentration of protein which is a dimensionless number. Cdc13 , the totalT
Ž . Žconcentration of Cdc13�Cdc2 dimers free Cdc13 is assumed to be 0 , including four different forms Cdc2 in the complex can be

.phosphorylated at Tyr-15 or not, moreover both forms of the dimer can be bound to Rum1 or not ; preMPF, the concentration of
ŽCdc13�Cdc2 dimers having an inactivating phosphate group at Tyr-15, including two different forms Rum1 either binds to the dimer or

.not ; Slp1 , the total concentration of Slp1, the sum of active and inactive forms; Slp1, the concentration of active Slp1; Rum1 , theT T
Žtotal concentration of free Rum1 and Rum1 bound to Cdc13�Cdc2, including two different forms Cdc2 can be either phosphorylated at

.Tyr-15 or not ; Cig2, the concentration of Cig2�Cdc2 dimers.
b ŽRum1 is assumed to bind quickly to Cdc13�Cdc2, independently of the Tyr-15 phosphorylation state of Cdc2 for simplicity, the

.blocking effect of Rum1 on MPF is shown simply by a dashed line in Fig. 1 . As a consequence, free Rum1 is present at a low level, and
Ž .the concentration of Trimer Cdc13�Cdc2�Rum1, where Cdc2 can be phosphorylated at Tyr-15 or not can be expressed from a second

Ž .order polynomial equation consisting of the dissociation constant of Trimer k . BB is an auxiliary variable in this equation.D
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sequently, Cdc13 can accumulate, and
Cdc13�Cdc2 together with Cig2�Cdc2 drives the
cell into S phase. However, at first, most of the
Cdc13�Cdc2 dimers are tyrosine-phosphorylated

Žby Wee1. The less active, tyrosine-phosphory-
lated form of Cdc13�Cdc2 is generally called

.preMPF. Because there is an equilibrium dis-
tribution between preMPF and active MPF, and
because the cell is growing in size, an increasing
amount of active MPF accumulates in the nu-

cleus. As its nuclear concentration increases, MPF
is increasingly more effective at inactivating Wee1
and activating Cdc25. Hence, when the cell at-

Žtains a sufficient size i.e. a sufficient concentra-
.tion of nuclear MPF , the positive feedback loops

turn on and MPF gets fully activated, driving the
cell into the M phase. Approximately 10 min
later, MPF activates Slp1, which initiates the
degradation of Cdc13, causing the cell to exit
mitosis and reset back to G1 phase.

Ž .Fig. 2. Numerical simulations of cell cycles with the deterministic model no stochastic effects . MPF refers to the concentration of
Ž .active Cdc13�Cdc2 dimers. a Wild-type cells. Observe that Rum1 does not come up at mitotic exit, and Ste9�APC by itself cannot

Ž . � Žstabilize G1, therefore this phase is very short. b Mutant wee1 cells. In the absence of Wee1 the principal tyrosine kinase that
.inhibits Cdc2 , the cell executes mitosis at around half the size of WT cells. After mitosis, Rum1 comes up and, together with

Ste9�APC, stabilizes G1 phase.
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To simulate an average cell of a wee1� culture,
we set the turnover number of the active form of

Ž . Ž .Wee1 V to 0 Fig. 2b . This mutant is half the17
Žsize of WT cells, it has a long G1 phase �80

.min during which Rum1 is stabilized, and a short
� �G2 phase 44 . G2 is short because, in the absence

of Wee1, Cdc25 phosphatase overwhelms the
Ž .weak effect of the other Tyr-kinase Mik1 , whose

Ž � . Žactivity V we consider to be constant for17
.simplicity . Fig. 2a,b demonstrates that the de-

terministic model describes correctly the average
properties of the two most important fission yeast
cultures, WT and wee1�.

2.2. Di�ision asymmetry as a stochastic �ariable

Cell division in fission yeast, just like in other
cell types, is not perfectly symmetrical, i.e. the
sizes of the two newborn progenies may be slightly

Ždifferent. Since cell size at birth BL, for birth
. Ž .length has an influence on cycle time CT , as

we shall see, the stochastic variation in birth size
� �makes the CT of the two sisters different 12 .

Ž .Division asymmetry DA can be characterized by
the distribution of a random variable, DA�
BL�DL, where DL is the division length of the

� �mother cell 14,45 . For a WT culture, DA is
normally distributed with mean ��0.5 and stan-

Ž . � �dard deviation S.D. ��0.016 14 . Hence, to
introduce division asymmetry into the simulation
process, we compute a cell’s birth size from its
mother’s division size by the formula BL�DA �
DL, where, at each division, DA is a new random
number chosen from a normal distribution with
��0.5 and ��0.016. By following the cells gen-
eration after generation, we simulate a popula-

Žtion of asymmetrically dividing cells. At a later
.stage, we will let nuclear volume vary as well. We

do not follow the cell cycle of the ‘other’ sister,
Ž .with BL� 1�DA �DL, but we will show later

how to account for the correlated behavior of
sister cells.

Numerical simulations of WT cells are summa-
rized in Table 2. Asymmetric division generates
some scattering in both BL and CT , but their

Ž .coefficients of variation CV���� are only half
� �of the experimental values 14 . The CVs are

small because a strong size control operates in G2

Table 2
�Simulation results for WT and wee1 cultures, assuming

Ž .asymmetric division CV �0 , but constant nuclear volumeD A
Ž .CV �0N V

�Strain WT wee1

1. No. of cycles generated 245 245
2. DA 0.5�0.016 0.5�0.03

Ž .3. CT min 150.3�6.33 150.8�13.33
Ž . Ž .0.0421 0.0884

Ž .4. BL relative 1.00�0.033 0.50�0.031
Ž . Ž .0.0329 0.0613

Ž .5. DL relative 2.00�0.0076 1.00�0.0000
Ž . Ž .0.0038 0.0000

6. CV �CV 11.1 �CT D L
Ž .7. slope CT�BL min �192 �436

8. slope Ext�BL �0.77 �1.00
9. slope CT �CT �0.97 �1.00s2 s1

Ž . Ž .0.947 0.999
10. slope CT �CT 0.13 0.0096d m

Ž . Ž .0.017 0.000

In rows 2�5, data are given as mean�S.D., meanwhile in
Ž .rows 3�5 the coefficient of variation CV is also indicated in

parentheses. In rows 7�10, the slope of the appropriate re-
gression line is given, and in rows 9�10, R2 is also indicated in
parentheses.

phase of the fission yeast cell cycle. As a conse-
quence, all cells divide at much the same size,
independently of birth length. Plotting CT as a

Ž .function of BL Fig. 3 gives the expected nega-
tive correlation, but the relationship is absolutely

Ž .deterministic no scatter , in contrast to experi-
� �mental observations 14,46,47 .

Division asymmetry alone does not explain
other statistical properties of fission yeast cul-
tures. The correlation between mother and

� �daughter CT s should be negative 48 , but our
simulated population shows a weak positive corre-

Ž .lation Table 2 , because CT values are de-
termined almost exclusively by BL. To compute
the correlation between sister CT s in the simula-

Ž .tion, we exploit the fact that the function CT BL
in Fig. 3 is absolutely deterministic and linear
Ž 2 .R �0.999 . Hence, the CT of the other sister
cell which was not followed by the simulations

� Ž .�must be CT DL � 1�DA . Applying this rule,
we find a strong negative correlation between

Ž .sister CT s Table 2 , in sharp contrast to the
� �expected positive correlation 48 . Sister CT s are
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ŽFig. 3. Cycle time vs. birth length, simulated for a model containing asymmetric division as the only source of variability � �0.5,D A
� .� �0.016 for WT cells, � �0.5, � �0.03 for wee1 cells . The lack of scatter in these plots is grossly inconsistent withD A D A D A

observations.

negatively correlated because the only source of
stochasticity in this model is asymmetric division:
if one of the sisters is larger than average, then
the other must be smaller. The larger sister will
have a smaller CT , while the smaller one has a
larger CT.

A wee1� population was also simulated, as-
suming asymmetric division with a larger coeffi-

Ž . � �cient of variation CV �0.06 , as observed 14 .D A
Although the larger variation in DA generates

Ž .larger variations in BL and CT Table 2 , the
computed CVs are still smaller than observed
Ž �note that the CVs in wee1 are twice as large as

� �.in WT 14 . We conclude that division asymmetry
alone cannot account for observed variations in
CT and BL in steady-state populations of WT
and wee1� cells. Therefore, some other source of
stochastic noise must contribute to cell cycle vari-
ability in fission yeast.

2.3. Nuclear �olume as a second stochastic �ariable

Before introducing a second source of variabil-
ity, we first discuss some assumptions of the

Ž .model. Cell size ‘mass’ in Table 1 appears in the
differential equations in two places: in the com-
putation of MPF activity, and in the activation of
TF by Puc1�Cdc2 and�or Pas1�Pef1 kinase.
These assumptions are based on the idea that
Cdc2�cyclin dimers accumulate in the nucleus,

Ž .after being synthesized step 1 in the cytoplasm.
Because a larger cell has a larger capacity for
protein synthesis, the number of Cdc2�cyclin
dimers in the nucleus will be proportional to cell
size. Since the effect of a Cdc2�cyclin complex
most likely depends on its nuclear concentration
Žrather than the number of molecules in the

.nucleus , we introduce a new variable, nuclear
Ž .volume NV , and calculate nuclear concentra-
Ž . Žtion as average cytoplasmic concentration � cell

. Ž .size � nuclear volume , as in Table 1. We assume
that NV is a normally distributed random vari-

Ž .able with ��1.0 arbitrary units and a yet un-
known �. After mitosis, a new nucleus is formed
whose volume is chosen from this normal dis-
tribution; thereafter, NV is kept constant until
the next mitosis.

Because there is no experimental data on nu-
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Table 3
�Simulation results for WT and wee1 cultures, assuming

Ž .asymmetric division CV �0 , and variable nuclear volumeD A
Ž .CV �0N V

�Strain WT wee1

1. No. of cycles generated 244 244
2. DA 0.5�0.016 0.5�0.03
3. NV 1.0�0.07 1.0�0.10

Ž .4. CT min 150.7�17.93 151.5�32.29
Ž . Ž .0.119 0.213

Ž .5. BL relative 1.00�0.064 0.50�0.054
Ž . Ž .0.0637 0.108

Ž .6. DL relative 2.01�0.115 1.00�0.094
Ž . Ž .0.0571 0.0934

7. CV �CV 2.08 2.28CT D L
Ž .8. slope CT�BL min �203 �467
Ž .9. slope CT�NV min 201 235

aŽ .10. slope CT�NCRB min 189 106
Ž . Ž .1.000 0.991

11. slope Ext�BL �0.88 �1.13
12. slope CT �CT 0.24 0.18s2 s1

Ž . Ž .0.044 0.027
13. slope CT �CT �0.38 �0.42d m

Ž . Ž .0.141 0.173
�1Ž .14. slope log ��t h �2.25 �1.3810

In rows 2�6, data are given as mean�S.D., meanwhile in
Ž .rows 4�6 the coefficient of variation CV is also indicated in

parentheses. In rows 8�14, the slope of the appropriate re-
gression line is given, and in rows 10, 12, 13, R2 is also
indicated in parentheses.

a Instead of a linear relationship, a second order polynom
Žwas used for calculating the missing sister’s cycle time see

.text .

clear volume in fission yeast, we treat � as anN V
adjustable parameter, chosen to fit CT and DL
distributions of the simulated population to ex-

� �perimental data 14 . For WT cells, a good fit is
achieved with � �0.07; see Table 3. Some con-N V
secutive cycles from the simulation are shown in
Fig. 4a. Cycle time is negatively correlated with

Ž .cell size at birth Fig. 5a , and this graph is very
� �similar to experimental observations 14,46 . Plot-

Ž .ting Ext�DL�BL vs. BL Fig. 5b gives a strong
Žnegative dependence the slope of the regression

.line is not significantly different from �1 , indi-
cating that a strong size control operates in the
cycle. Size control is called ‘strong,’ if any devia-

Fig. 4. Numerical simulations of cell cycles with two stochastic
Ž .variables division asymmetry and nuclear volume variability .

Ž . Ža Wild-type cells � �0.5, � �0.016, � �1.0, � �D A D A N V N V
.0.07 . Observe that asymmetric division and changes in NV

cause differences in both cycle time and birth size from one
Ž . � Žgeneration to the next. b Mutant wee1 cells � �0.5,D A

.� �0.03, � �1.0, � �0.1 . Larger variations in theD A N V N V
stochastic parameters lead to larger variations in cycle time
and birth size.
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Ž . Ž . Ž .Fig. 5. a Cycle time vs. birth length, simulated for a model containing two stochastic variables DA and NV . b Size extension vs.
� �birth length in the same model. These plots compare favorably with experimental observations: Fig. 1 in 14 .
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Ž .Fig. 6. Cycle time vs. nucleocytoplasmic ratio at birth, simulated for a model containing two stochastic variables DA and NV .

tion from the average birth size is compensated
within the subsequent cycle, as observed experi-

� �mentally 14,46 .
Let us define the nucleocytoplasmic ratio at

birth as NCRB�NV�BL. Plotting CT vs. NCRB
Ž . Ž .Fig. 6 gives a deterministic graph no scatter ,

Ž 2 .which is linear R �1.0 , at least for WT cells,
implying that NCRB rather than cell size de-
termines inter-division time in this model.

Ž .This deterministic relation, CT�CT NCRB ,
can be used to calculate cycle time correlations of

Žrelated cells mother�daughter and sister�sister
.pairs . To calculate the CT of the ‘other’ sister
Ž .cell the one not followed in the simulation , we

must generate a second, independent nuclear
volume, call it NV , then calculate NCRB �2 2

� Ž .�NV � DL � 1�DA , and finally calculate the2
Ž .other sister’s cycle time: CT �CT NCRB . By2 2

this method, we computed correlations between
CT s of mother�daughter and sister�sister pairs
Ž .Table 3 , and found negative and positive corre-
lations, respectively, in qualitative agreement with

� �observations 48 . In quantitative terms, however,
our simulated sister�sister correlation is too small

and mother�daughter correlation is a bit large, in
comparison with the experiment.

We have also compared our stochastic model
� �to experimentally measured ‘beta’ curves 46,47

ŽSveiczer, Novak and J.M. Mitchison, unpublished
. � � Ž .result . By definition 49 , � t is the probability

that the absolute value of the difference in gener-
ation times for sister cells is greater than t. From

� � Ž .our experimental data 14 , we fit log � t vs. t to10
�1 Ža straight line of slope �2.38 h Sveiczer, No-

.vak, J.M. Mitchison, unpublished result . For the
Ž .simulated population Table 3 , the slope of the

Ž . �1log � t vs. t is �2.25 h , in excellent agree-10
ment with the experiment.

In order to fit the experimental data for a
� Žwee1 culture, we had to choose � �0.1 com-N V

.pared to the WT value of 0.07, see above . This is
no surprise, considering that � is also largerD A

� Ž . Ž .for wee1 cells 0.03 than for WT cells 0.016 .
The general properties of a simulated wee1� cul-
ture are given in Table 3. Some representative

Ž .cell cycles Fig. 4b are consistent with observa-
tions of cell cycle phases and temporal patterns of
cell cycle regulators in wee1� mutants. Plots of
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Ž .CT vs. BL and Ext vs. BL Fig. 5a,b are also
� � �consistent with experimental data 14 . For wee1
Ž .cells, the CT vs. NCRB graph Fig. 6 is de-

terministic but non-linear. Using a second-order
polynomial regression to fit the CT vs. NCRB
relation, we have calculated, as before, the cycle

Ž .times of related cells Table 3 . A �-curve was
� �derived from our experimental data 14 . The

slope of the regression line for log � vs. t is10
�1 Ž�1.29 h Sveiczer, Novak and J.M. Mitchison,

.unpublished result ; and the simulations gave a
Ž .similar result Table 3 .

3. Discussion

3.1. Parameter dependence of size controls

One of the fundamental mechanisms working
during the cell cycle is size control, which ensures
that the average size of cells in a steady-state
population does not change during consecutive

� �generations 50 . As early as the 1960s, size con-
trol was studied physiologically in many different
organisms from bacteria to mammalian cells
� �46,51�53 . In eukaryotes, size control was found
to act in G1 or in G2, delaying the onset of DNA
replication or mitosis, respectively, until a critical
cell size has been reached. The most extensive
studies of size control were made with fission
yeast, demonstrating conclusively that size control
operates in G2 in WT cells and in G1 in wee1�

� �cells 46,54 . The study of size control was some-
what neglected for the next 15 years, but in the
last 5 years, attention has been paid again to this

� �point 14,39,55,56 because of the wealth of new
biochemical and genetic information on cell cycle
regulation.

Indicators of strong size control are a charac-
� �teristic ratio of CV to CV 11 , and theCT D L

regression slopes of plots of Ext vs. BL and CT
� �vs. BL 13,14,46 . The present model fulfills the

general requirements that CV �CV is �2,CT D L
and that strong negative correlations exist
between Ext and BL, and between CT and BL.
In the case of strong size control, the regression
slope of Ext vs. BL should be close to �1, as

observed experimentally in both WT and wee1�

� �14 .
It is interesting to ask which parameters of the

Ž .model Table 1 are crucial in ensuring strong
size control. To obtain strong mitotic size control

Ž .in WT cells, the rates of synthesis k and degra-1
Ž �.dation V of Cdc13�Cdc2 should be large, be-2

cause, if the Cdc13�Cdc2 dimer is a relatively
Ž .‘fast’ variable steps 1 and 2 are fast reactions ,

then mitosis starts at the same size irrespective of
the cell’s birth size. By decreasing these parame-
ters, Cdc13�Cdc2 becomes a ‘slow’ variable, and
the size control becomes weaker. The values we

Ž � �1.use k �V �0.025 min are large enough to1 2
create a strong size control in G2. The slope
Ž .�0.88 of Ext vs. BL in our simulations is

� �consistent with experiments 14,46 .
To achieve a strong size control in G1 phase of

small wee1� cells is more difficult. The length of
G1 phase must be strongly dependent on birth
size for cells significantly smaller than WT, but
G1 duration must be short and nearly constant
for cells close to WT size. To achieve this, Ste9
and Rum1 must be ‘fast’ variables, so as to create
a stable G1 steady-state in wee1� cells, but this
steady state must be missing in larger WT cells.
Our parameter values satisfy these requirements.

3.2. The role of nucleocytoplasmic ratio in cell cycle
regulation

It has been known for many decades that cell
cycle times are correlated to the nucleocyto-

� �plasmic ratio in many different organisms 57�62 .
This correlation has been understood in terms of
some cytoplasmic molecule that must accumulate
in the nucleus to drive certain cell cycle transi-

Ž .tions like G2�M , but the nucleus exerts an
� �‘inhibitory’ effect. One venerable possibility 63

is that the nucleus contains some titration sites
Žalong the chromosomes whose quantity is, there-

.fore, proportional to genome size , and these sites
neutralize the incoming activator. Formerly pub-
lished stochastic models of the fission yeast cell

� �cycle 11�13 were based on this nuclear sites
� �titration model 64 , not taking into account the

actual molecular circuitry of cell cycle regulation.
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During the last decade, this circuitry has become
more or less clear, making possible the develop-
ment of realistic kinetic models of cell cycle pro-
gression in a variety of organisms, including fis-

� �sion yeast 24,65 . To date, these kinetic models
Žhave basically been deterministic sets of non-lin-

.ear ODEs . In this paper we try, for the first time,
to combine a realistic model of cell cycle regula-
tion with reasonable sources of stochasticity, in
order to account for the observed variability in
fission yeast cultures.

We have shown that asymmetric cell division
alone is insufficient to explain all the statistical
characteristics of fission yeast populations. For a
second stochastic variable, we have chosen nu-

Ž .clear volume NV , because we believe it is not
Ž .the quantity of activator Cdc2�cyclin in the

nucleus but rather its nuclear concentration that
promotes cell cycle transitions.

In the present model, cycle time is perfectly
determined by the nucleocytoplasmic ratio at

Žbirth, NCRB�NV�BL. Note that the numera-
tor in this definition is nuclear volume rather

.than genome size. The perfect correlation
between CT and NCRB stems from three as-

Ž .sumptions in the model: 1 NV is constant
Ž .between divisions; 2 cell size is an exponential

Ž .function of time; and 3 the G2�M transition is
controlled by a strong size requirement. Cer-
tainly, none of these assumptions are perfectly
satisfied, but we propose that the uneven distribu-
tions of birth sizes and nuclear volumes of sister
cells are the major contributors to cell cycle vari-
ability. Other sources of variability, such as fluc-
tuations in growth rate or random birth-and-death
processes at the molecular level, we suspect to be
considerably less important.
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